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Experimentally measuring the elastic properties of
thin biological surfaces is non-trivial, particularly
when they are curved. One technique that may be
used is the indentation of a thin sheet of material by
a rigid indenter, while measuring the applied force
and displacement. This gives immediate information
on the fracture strength of the material (from the
force required to puncture), but it is also theoretically
possible to determine the elastic properties by
comparing the resulting force–displacement curves
with a mathematical model. Existing mathematical
studies generally assume that the elastic surface is
initially flat, which is often not the case for biological
membranes. We previously outlined a theory for
the indentation of curved isotropic, incompressible,
hyperelastic membranes (with no bending stiffness)
which breaks down for highly curved surfaces, as
the entire membrane becomes wrinkled. Here, we
introduce the effect of bending stiffness, ensuring that
energy is required to change the shell shape without
stretching, and find that commonly neglected terms
in the shell equilibrium equation must be included.
The theory presented here allows for the estimation
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of shape- and size-independent elastic properties of highly curved surfaces via indentation
experiments, and is particularly relevant for biological surfaces.

...................................................

The experimental characterization of the elastic properties of a curved flexible shell is of interest
within both biological and engineering contexts. Throughout biology, surfaces often grow with
a three-dimensional structure, leading to complex curved shapes [1]. Such structures are not
amenable to the majority of engineering techniques to determine elastic properties, such as
vibration or tensile tests, because test-piece shapes must be controlled. Indentation tests are
another classical technique, in which a rigid indenter is pushed into the specimen to generate
a force–displacement curve (as shown in figure 1). With a suitable theoretical model, the elastic
moduli of the sample can be extracted from such a curve, and this has been modelled for flat
surfaces [3–10]. However, little attention has been paid to curved surfaces at large indentation,
with the context often that of atomic force microscopy (AFM) or nano-indentation, where the
indentation depth and needle size are much smaller than the surface itself [11,12]; Deris & Nadler
[13], who consider the indentation of a fluid-filled spherical membrane being a recent exception.
Without such a theoretical basis, shape-independent elastic properties cannot be extracted from
the experimentally measured force–displacement curves, and the sole readout is therefore the
force required before puncture, which gives information on the strength of the material but not
the elasticity.
Additionally, the majority of the previous studies which have been conducted generally
involve indentation from the convex side of the curved surface (the ‘outside’, such as indenting
a sphere, see figure 5), assuming that the object is either internally pressurized or able to support
its own weight, for example, the studies by [11,12,14–16]. However, in biological samples this is
often not the case, as the extracted tissues can be soft and not self-supporting, particularly under
the action of an indenter. We therefore focus particularly on the case of indentation from the
concave side (the ‘inside’) of the surface (figure 2), although the fundamental theory is applicable
for the convex indentation too.
Our particular motivation for considering this indentation problem is the experiments
performed on seeds of the Brassicaceae species Lepidium sativum (garden cress) [2,17,18], in which
the seed endosperm is punctured with a metal needle, while the position and force are measured.
Figure 1 shows images from such an experiment, showing the large indentation the endosperm
can sustain as well as a sample force–displacement curve. This technique has been used in a wide
range of different species, as detailed in table 1 of Steinbrecher & Leubner-Metzger [19].
The Lepidium endosperm is non-uniform, with different sections of the embryo covered by
portions of endosperm with different shapes (figure 1), so the elasticity of these regions cannot
be compared without a model. As shown in figure 1, the endosperm is approximately a prolate
spheroid with an aspect ratio between two and three, hence our interest in highly curved initial
surfaces.
To fill this gap, we previously considered the indentation of a curved elastic membrane by a
large rigid indenter [20], finding that such membranes are prone to wrinkling when indented,
forming straight tension lines, such as those which may be seen when pushing into a plastic
film (such as shrink-wrap) that is initially curved. This theory works well for moderately curved
membranes (for instance oblate spheroids), but for more curved membranes (spheres or prolate
spheroids) this theory gives deformations which are non-local, even for small indentation, this
is due to the lack of bending stiffness meaning that no energy is required to bend the membrane
without stretching. This means that when the initial shape of the membrane is sufficiently curved,
no solution may be found for small indentation depths [20], as both of the principal stretches
become compressive and the membrane becomes entirely slack, leading to a breakdown of the
membrane theory. This is due to the membrane being able to freely change shape, pulling in
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1. Background
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Figure 1. (a) Sketch of a Lepidium sativum seed, showing how the embryo (green) is enclosed by sections of the endosperm
(black and red) with varying geometries. Image from Muller et al. [2], used with the permission of Oxford University Press.
(b) Example force–displacement curve for an indentation of a Lepidium micropylar endosperm. (c) Sketch and corresponding
still images showing how the endosperm stretches significantly during a typical indentation. Smaller diameter indenters are
also used. (Online version in colour.)
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Figure 2. Sketch of the two coordinate systems, the reference and deformed configurations.

the sides to be able to accommodate the additional stretch at the tip (as detailed below). This
behaviour is in contrast with that seen for indentation from the ‘outside’ of a shell [14,15] where
wrinkling is seen only after a critical indentation distance as the initial deformation inverts a small
section of material.
To address these issues, we introduce here a shell theory instead of a membrane theory,
regularizing the singular problem by introducing higher order terms to provide bending
resistance in the governing equations. In doing so, we are able to find solutions for more curved
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(a) Governing equations
We shall use the theory of nonlinear elasticity to model how a thin shell deforms under the action
of an indenter, with the prescribed midsurface of the undeformed (or reference) shell defined
parametrically by
X = R(S)eR (Θ) + Z(S)eZ ,

0 ≤ S ≤ L, 0 ≤ Θ ≤ 2π ,

(2.1)

where S shall be the independent variable throughout this work and we are using cylindrical
coordinates. If the shell is initially spheroidal, we have
R(S) = sin S

and Z(S) = −γ cos S,

(2.2)

where γ is a parameter that controls the aspect ratio and the sign of Z relative to the indenter
controls the direction of indentation (with the negative sign showing indentation from the
concave side), and we will use this throughout. In this case, S is therefore the angle made with the
axis of symmetry, and a flat shell is recovered for γ = 0. While figure 2 shows an indentation from
the concave side of the shell, this theory is also valid for indentation into the convex side, where
Z is positive.
The origin of our coordinates lies directly under the indenter, at which point we require the
smoothness conditions, R(0) = 0, Z (0) = 0, where a prime denotes differentiation with respect to
S. The system is invariant to rigid body movement in the Z-direction, so for convenience we
choose Z such that Z(L) = 0. We consider deformations which map the reference configuration X
onto the deformed configuration x, the midsurface of which is given by
x = r(S)eR (θ ) + z(S)eZ ,

0 ≤ S ≤ L, 0 ≤ θ ≤ 2π ,

(2.3)

where we keep the same coordinate basis for simplicity. We assume that the initial configuration
is axisymmetric so that the deformed configuration remains axisymmetric for an axisymmetric
indenter, Θ = θ, and we impose the same smoothness conditions at the origin as in the reference
configuration, r(0) = 0, z (0) = 0. We solve the quasi-steady problem here, which is valid provided
the indentation is sufficiently slow that inertial effects may be ignored, as it is in practice. As in
[20], the principal stretch ratios may be defined in the tangential, azimuthal, and normal directions
in the form


r2 +z2
ds
ψ
r
h
= 
(2.4)
≡ , λ θ = , λn = ,
λs =

2
2
dS
Ψ
R
H
R +Z
where h and H are the deformed and undeformed thicknesses, respectively, s is the coordinate
in the deformed configuration (this is not in general the arclength) and ψ, Ψ are defined for
convenience as the radicals in (2.4)1 . The principal curvatures, κs , κθ , are defined by
 
 
1 z 
1 r 
z
,
(2.5)
=− 
and κθ =
κs = 
r ψ
z ψ
rψ
and curvatures in the reference configuration may be defined in an equivalent way,
 
 
1 Z 
1 R 
Z
κsR = 
.
=− 
, κθR =
R Ψ
Z Ψ
RΨ

(2.6)

The curvatures are related by Codazzi’s equation,
(rκθ ) = r κs ,

(2.7)

...................................................

2. Mathematical formulation
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shells, and solutions for small indentation distances generate only localized deformations of the
shell. We find, in particular, that additional terms which are often neglected are required to ensure
the force to indent the shell remains positive.
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and
κs τs + κθ τθ = P,

(2.9b)

where P(S) is the pressure difference across the membrane in the normal direction and τs , τθ are
the principal stress resultants per unit length in the deformed shell (after integrating over the
thickness) [20]. This system (2.9) may be written as a third-order system of ODEs in λs , λθ , κθ ,
or equivalently in r, r , z , as z does not appear explicitly.
When a thin-walled elastic shell is considered instead, by including bending moments, the
governing equations which are commonly used are a generalization of those in (2.9), in our
notation being written as
(rτs ) − r τθ + κs rQψ = 0,
1
(rQ) = P
rψ

(2.10b)

(rMs ) − r Mθ − rQψ = 0,

(2.10c)

κs τs + κθ τθ −
and

(2.10a)

where Ms , Mθ are the bending moments in the corresponding directions and Q is the transverse
stress resultant (shear stress) [21–24]. The first two equations in (2.10) are the force balances in
the tangential and normal directions, with the third equation being the balance of bending forces.
The membrane limit (2.9) is given by (2.10) with Ms , Mθ both tending to zero.
Equations (2.10) have been well studied by a number of authors [21–24, for instance], generally
assuming
 that the reference configuration is given by either a flat plate or spherical shell, and
hence R2 + Z2 = 1. They are also often written in Eulerian coordinates, with derivatives given
as d/ds = ψ −1 (d/dS), particularly when stretching is neglected entirely in favour of bending.
We may integrate (2.10), with the help of (2.7), to give the resultant force in the Z-direction as
S
rr Q
F(S)
= Prr dS +
,
(2.11)
r2 κθ τs −
ψ
2π
0
where we have defined the net axial force acting on the shell as F(S), generated by the indenter.
We will assume here that the pressure difference comes solely from the indenter, although the
indentation of a pressurized membrane (such as a balloon or vesicle) may be incorporated into
the framework presented here. As we are treating the indentation as a quasi-static process, F is a
function solely of S, with the experimentally measured force being F(L). If the term involving the
pressure in (2.11) is explicitly integrable, such as when P is constant, we may use this equation to
reduce the order of the system by one if we wish.

(b) Stress resultants
Following [25–27], the virtual work done by the shell may be written as



λ̇s
λ̇θ
+ Ms κ̇s + Mθ κ̇θ ,
Ė = dA (Ts + Ms κs ) + (Tθ + Mθ κθ )
λs
λθ

(2.12)

where Ts and Tθ are planar stress resultants and dots indicate the variation of a quantity. This
expression may be derived from three-dimensional theory by integration through the thickness
[26,27], assuming the Kirchhoff hypotheses.

...................................................

both of which also hold for the reference configuration with appropriate substitutions.
The equilibrium equations for a membrane in the tangential and normal directions are,
respectively, given by
(2.9a)
(rτs ) − r τθ = 0

5
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and the tangent, es = (r er + z ez )/ψ and normal, n = (z er − r ez )/ψ, vectors are related by the
Frenet–Serret equations,
(2.8)
es = −κs ψn and n = κs ψes ,
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and τθ = Tθ + ξ Mθ κθ ,

(2.13)

where the parameter ξ ∈ {0, 1} is zero for the commonly used ‘first approximation’ [23] and one
for the full expansion as required by (2.12). These additional terms arise from the fact that a small
shell element is actually curved rather than flat as implicitly assumed in (2.10), and so the tension
and bending moments are coupled together due to the rotations of the surface; see [23] for more
details. We will show here that when the shell is highly curved, these terms become significant
and cannot be ignored; an explanation in Cartesian coordinates is found in Article 328 of [28].
These additional terms appear naturally in the theory of [25], as well as others [26,29–31] which
derive the governing equations from a variational principle as opposed to a force balance. The
necessity of these terms in the buckling of liposomes is discussed in [23]. Similar terms are used
in [32,33], but with the opposing curvatures in the additional terms, i.e. τs = Ts + Ms κθ ; this may
have come from the presence of these opposing curvatures in the definition of the integrals in
the three-dimensional theory, the reason for this discrepancy is not clear.

(c) Constitutive equations
It remains to specify the constitutive equations relating the stresses and bending moments to
the stretches and curvatures. As for the membrane case, we suppose the existence of a strainenergy function W(λs , λθ , λn ), and assume that the material is incompressible and therefore set
−1
λn = λ−1
s λθ [34]. The principal stress resultants per unit length in the deformed shell are then
defined from Tα = hσα , α ∈ {s, θ}, where σα = λα (∂W/∂λα ) is the usual principal Cauchy stress in
incompressible three-dimensional elasticity, leading to
Ts =

H ∂W
λθ ∂λs

and Tθ =

H ∂W
,
λs ∂λθ

(2.14)

for further details, see Naghdi & Tang [35], Haughton [36], Pearce et al. [20]. While the theory
presented here is appropriate for any isotropic incompressible strain-energy function, we will
mostly show examples with the Mooney–Rivlin material model,
W MR =

μ
−2
−2
−2
2 2
[(1 − α)(λ2s + λ2θ + λ−2
s λθ − 3) + α(λs + λθ + λs λθ − 3)],
2

where μ is the shear modulus and α controls the deviation from the Hookean response
(the neo-Hookean strain-energy function being given by α = 0). We will also compare with a
strain-stiffening Gent-type model [37],


−2
(λ2s + λ2θ + λ−2
−μ
s λθ ) − 3
G
Jm log 1 −
,
W =
2
Jm
where Jm is a positive parameter representing a maximum value beyond which the hydrocarbon
chains cannot stretch any further. Rubbers are commonly described with values of Jm of 97.2 or 114
[37], but for stiff biological tissues values as small as 0.4 have been used [38]. However, as we also
want to include the dependence of the energy on the effect of bending, it is necessary also to give a
constitutive equation for the bending moments. Appropriate forms for these dependencies are not
clear in the literature, with various assumptions often being made without any clear justification
or only applying in specific cases, such as area conserving deformations. Here, we shall follow
the derivation of Steigmann & Ogden [25], where the higher order bending effects are dependent
only on ∇F, where F = ∂x/∂X is the surface deformation gradient, thereby incorporating only
the elastic resistance to flexure in addition to the standard strain resistance. This leads to an
energy U(C, ; X), where C = FT F is the right Cauchy–Green tensor and  = κ − κ R is the relative

...................................................

τs = Ts + ξ Ms κs

6
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We can thus see that the moment resultants are conjugate to the virtual changes in curvature,
but the terms conjugate to the virtual changes in the stretches are ‘generalized tensions’ [27],
which take the form of tension plus curvature times bending moment. It is these generalized
tension stress resultants that feature in (2.10), and they therefore should be of this generalized
form, including the Mκ terms, and so we will define
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det  = (λ2s κs − κsR )(λ2θ κθ − κθR ),

(2.16)

and are related to the mean and Gaussian curvatures, respectively. There are three further
invariants which involve the coupling between C and , but we do not consider them here. We
explicitly note that all the invariants of  involve both the stretches and the curvatures, which
means that the bending moments should be based on these kinds of mixed terms when bending
and stretching is occurring, not just relative curvature changes. As the shell is isotropic, the energy
must be invariant under the rotation of the coordinate system and hence be an even function of
tr , so the simplest appropriate form for the energy U is
U = W(λs , λθ ) +

B
(tr )2 ,
2

(2.17)

where B is a bending modulus and we choose not to involve the Gaussian curvature-related term
det . The bending moments are thus given by
Ms = h

∂U
λs
= BH (λ2s κs + λ2θ κθ − κsR − κθR )
∂κs
λθ

(2.18a)

Mθ = h

∂U
λθ
= BH (λ2s κs + λ2θ κθ − κsR − κθR ).
∂κθ
λs

(2.18b)

and

Other constitutive equations for combined bending and stretching have been used within the
literature [22,23,32], but do not involve the invariants as presented above, being based on more
ad hoc assumptions. For incompressible linear elasticity, the bending modulus B is proportional
to the shear modulus [21],
μH2
,
(2.19)
B=
12
and we note that the third power of H is already included in the definition of the bending
moments (2.18a), as we are working in terms of integrated stress resultants.

3. Solution procedure
When written in terms of r and z, (2.10) appears to be a seventh-order ODE system (as z
never appears undifferentiated). However, the highest order derivatives appear only in specific
combinations, so it is actually a set of five nonlinear first-order ODEs in λs , λθ , κs , κθ , Q, with (2.7)
and (2.4)1 providing two further equations, after which z may be found by integrating (2.5)2 .
To avoid square roots in the numerical calculations, we introduce φ, the angle between the axis
of revolution and the normal to the meridian in the deformed configuration (figure 2), defined by
r
dr
= = cos φ,
ds ψ

dz z
= = sin φ,
ds ψ

κθ =

sin φ
,
r

κs =

φ
.
ψ

(3.1)

The undeformed domain will be split into two regions, based on whether their corresponding
material points are in contact with the indenter or not, with the boundary circle being given by
S = Sc . This contact circle is unknown a priori, and must be determined as part of the solution, and
so we therefore need to give six boundary conditions to close the fifth-order system.

(a) Indenter region
We assume the shell is indented by a rigid indenter consisting of a cylinder with radius ρ
connected to a tip which is described parametrically in terms of an angle ω by r = ρA(ω), z =
ρB(ω), where A and B are specified. We require the axisymmetry requirements A(0) = 0, B (0) = 0

...................................................

and
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curvature strain tensor (see [25] for details). The first two invariants of the relative curvature strain
tensor are given by
(2.15)
tr = (λ2s κs − κsR ) + (λ2θ κθ − κθR )
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(3.2)

where δ is the depth of indentation, to be found as part of the solution, and we treat the angle ω
in the deformed configuration as a function of S. Therefore in the contact region,

A (ω(S))2 + B (ω(S))2 dω
A(ω(S))
and λθ = ρ
,
(3.3)
λs = ρ
Ψ
dS
R(S)
where we have used ω (S) > 0. We may then evaluate the first equilibrium equation (2.10a), to find
ω(S) given appropriate boundary conditions, having solved the third equilibrium equation (2.10c)
for Q. The second equilibrium equation (2.10b) enables us to calculate the pressure P exerted by
the indenter on the shell after calculating the deformation (and hence the function F), but this is
supplemental to computing the deformation itself in the contact region. Equation (2.10a) leads to
a second-order differential equation for ω(S), as the principal curvatures become
κs =

A (ω)B (ω) − B (ω)A (ω)
ρω (S)(A (ω)2 + B (ω)2 )3/2

and
κθ =

ρω (S)A(ω)

B (ω)

,
A (ω)2 + B (ω)2

(3.4)

(3.5)

and so κs involves ω (S) but not ω (S) as might have been expected. This means that the governing
equation in the indenter region is second order in ω(S), as in the membrane case.
At the pole, S = 0, there exists a coordinate-induced singularity in the governing equations, as
both r and R are zero at this point, as is also true in the membrane case. We therefore begin the
integration in the indenter region at a value 0 < ζ  1, at which we use the expansions
ω(ζ ) = ζ ω (0) + O(ζ 3 )

and

ω (ζ ) = ω (0) + O(ζ 2 ),

(3.6)

where we have used the fact that ω is an odd function and ω(0) = 0, one of the boundary
conditions. Using the restrictions on A and B, we find ω (0) = ρ −1 λ0 R (0)/A (0), where λ0 ≡ λs (0) =
λθ (0) is the value of the stretch at the pole, used in a shooting procedure. So, our boundary
conditions at the pole of the contact region are,
ω(ζ ) =

ζρ −1 λ0 R (0)
A (0)

and ω (ζ ) =

ρ −1 λ0 R (0)
,
A (0)

(3.7)

and we can integrate to S = Scyl where the shell contacts the cylindrical part of the indenter, for
a given λ0 . Cases of extreme indentation where the cylindrical part of the indenter touches the
shell may also be calculated, with appropriate changes to (3.2). Varying λ0 allows us to change
the indentation depth, δ, and we note that for small indentations for curved shells, there may be
a compressive stretch at the pole, with λ0 < 1.
This method assumes that the indenter first comes into contact with the tip of the shell, and
will not work if the side of the shell is touched first, hence we require the curvature of the indenter
to be less than that of the shell, κθR (0) < B (0)/(ρA (0)2 ).

(b) Free region
Outside of the contact region, equations (2.10) are fifth order, with P being zero as there is no
applied pressure in this region. In addition, as we do not know the location of the contact circle,
Sc , at which the continuity conditions will be specified, we require six boundary conditions

...................................................

r(S) = ρA(ω(S)) and z(S) = −δ + ρB(ω(S)),

8
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at the axis, and hence only consider smooth indenter tips here. Indentation by an isolated sphere
or other axisymmetric object under gravity, for example, could also be accommodated in the same
framework. In the contact region, we assume that the shell conforms precisely, prescribing both
r and z there, although the stretch in this contact region is still unknown; we assume there is no
slip between the indenter and the shell. This may be violated in the case of buckling, particularly
when compressive stresses occur, but we leave this as future work. We therefore let
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[[F]] = [[r sin φτs − r cos φQ]] = 0

(3.8a)

and
λθ (L) = 1,

Ms (L) = 0,

(3.8b)

−
where [[x]] = x(S+
c ) − x(Sc ) is the jump in the value of x across the contact line; these conditions
+
imply that [[φ]] = 0. It is most convenient numerically to solve (3.8a) for λs (S+
c ), given κs (Sc ). We
+
then vary both Sc and κs (Sc ) in order to satisfy the two boundary conditions at S = L, using a
shooting method.
Given the initial size and shape of the indenter and shell, as well as constitutive equations for
the shell, we can solve the system above for a specified λ0 . We then calculate the force on the
indenter, F, and the depth of indentation of the shell, δ, and then vary λ0 to cover the range of
forces and displacements, allowing the construction of a force–displacement curve.

(c) Non-dimensionalization
All the previous expressions involve dimensional quantities, which we will now denote with hats
in this section. We now non-dimensionalize by choosing the undeformed radius R̂L = R̂(L̂) as our
characteristic length, and we have the choice of either μ̂R̂L Ĥ or B̂ as our characteristic force. To be
consistent with Pearce et al. [20] and in order to keep the membrane limit approachable without
rescaling, we choose μ̂R̂L Ĥ. Therefore, we have
⎫
⎪
⎪
⎪
⎬
F̂ = μ̂R̂L ĤF,
⎪
⎪
⎪
⎭

(Ŝ, R̂, Ẑ, Ĥ, r̂, ẑ, ρ̂, δ̂, L̂) = R̂L (S, R, Z, H, r, z, ρ, δ, L)
(T̂s , T̂θ , Q̂) = μ̂Ĥ(Ts , Tθ , Q),
and

P̂ = μ̂P,

Ŵ = μ̂W, (M̂s , M̂θ ) = μ̂R̂L Ĥ(Ms , Mθ ).

(3.9)

Having done this non-dimensionalization, the governing equations (2.10) remain the same, except
for P̂ being replaced by P/, where  = Ĥ/R̂L . In the indenter region, ρ becomes the ratio of the
radii of the indenter and the initial membrane. The constitutive equations (2.18a) become

and

Ts =

1 ∂W
,
λθ ∂λs

Tθ =

1 ∂W
,
λs ∂λθ

⎫
λs 2
(λs κs + λ2θ κθ − κsR − κθR ) ⎪
⎪
⎬
λθ
⎪
λθ
⎪
Mθ = β (λ2s κs + λ2θ κθ − κsR − κθR ),⎭
λs
Ms = β

(3.10)

...................................................

[[λθ ]] = [[κθ ]] = [[Q]] = 0,
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to complete the system. At the fixed boundary S = L, we need to apply appropriate boundary
conditions, here we assume that the shell is simply supported (hinged) at a fixed radius, and thus
λθ = 1, Ms = 0. This is appropriate for the experimental set-up shown in figure 1, where the seed
endosperm is slotted into a cylindrical hole.
We note that a radial pre-stretch prior to the indentation could be included, by allowing λθ (L) =
λp > 1, but this pre-stretch will necessarily change the shape of the shell prior to indentation and
induce significant additional complexity when the surface is not initially flat. This may be relevant
when a non-zero internal pressure is included or to account for growth in biological contexts.
At the contact circle, we require continuity of the position, normal and the resultant force, F,
giving four continuity conditions. When using the approximate expansion (ξ = 0), this implies
that λs , λθ , κθ and Q are continuous. The remaining variable, the curvature κs , is allowed to have
a jump at the interface, as in the membrane case [20], enabling the shell to change curvature
between the forced indenter shape and the remaining free section. However, when using the full
expansion ξ = 1, the force F now includes κs , and this then requires λs to be discontinuous via a
jump in ψ, while keeping φ continuous to ensure continuity in the normal. This ensures that both
generalized tensions are continuous across the interface, and we therefore have
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where the dimensionless parameter, β ≡ B̂/μ̂R̂2L describes the relative contribution of bending to
stretching. If we assume the linear elasticity relationship (2.19) holds, we also have

12R̂2L

=

2
.
12

(3.11)

(d) Numerical solution
To recap, we solve equation (2.10a) in the contact region with the substitutions (3.2) for a given λ0 ,
to find a solution in which the indenter remains in contact with the shell for a range of S. This may
be done for any β, as the highest derivatives in these equations are not solely multiplied by β.
We then solve the equilibrium equations (2.10) in the free region, adopting a shooting approach
on the values of both Sc and κs (Sc ), and integrate through the free region to S = L.
After this, we iterate on Sc and κs (Sc ) to satisfy the remaining two boundary conditions at
S = L, to find the indentation distance δ and force resultant F for the prescribed λ0 . Varying λ0
then allows us to generate a set of solutions with different indentation distances, allowing us to
characterize the entire indentation process. It should be noted during the integration process, if
the initial guesses for κs (Sc ) and Sc are too incorrect, the system often can become stiff or even
singular when the deformed radius vanishes, especially when the full expansion is used and/or
β is small (as in the free region, this is a singular perturbation of the membrane case). The use of
continuation of the values from neighbouring values of λ0 therefore greatly helps the convergence
of this numerical procedure. All calculations were undertaken using Mathematica 10 [39]; the
code is available on request.

4. Results
Previously, as detailed in Pearce et al. [20], we used the tension-field membrane theory in order to
model the indentation of a membrane. With this theory, when a stress becomes compressive, it is
assumed that the membrane wrinkles, forming non-axisymmetric tension-lines perpendicular to
the compressive stress direction, but a smoothed pseudo-surface can be calculated. As discussed
by Pearce et al. [20], when the reference surface becomes significantly curved (γ > 0.5), the tensionfield membrane theory breaks down for λ0 close to unity (and hence small δ), and no solution is
able to be found as both stresses become negative and the membrane is entirely slack. This occurs
because, without the inclusion of bending resistance, the membrane can pull in throughout the
free region with minimal stretching.
For larger indentation depths, it is possible to find solutions to the membrane equations, these
have a cone-like shape as shown in figure 3 where the straight lines reflect the average surface in
the regions of compressive stress where the membrane is wrinkled. In comparison, the two shell
theories show that the inclusion of the bending stiffness means that the shell requires energy to
change the curvature from the reference state, ensuring that the deformation is localized rather
than global.
Two further examples are shown, a prolate spheroid indented from the concave side (figure 4)
and a sphere being indented from the convex side (figure 5), illustrating how the shape of the
deformed configuration changes with increasing depth of indentation.
Experimentally, the readily measurable variables during an indentation test are the position
and the total axial force exerted upon the indenter, in dimensional terms. We are therefore
interested in non-dimensional force–displacement curves generated from solving the equations
over a range of λ0 , which may then be used to estimate the elastic moduli of the sample by
comparison with the experimental curves.
In order to generate a force–displacement curve, we need to specify a number of parameters.
These are the relative size and shape of the indenter (ρ, A, B), the shape of the undeformed shell
(R, Z), the strain-energy function (W) and the bending-stretching ratio β. Here, we will show
the effect of varying these parameters, with the base-case parameters being a spherical shell and

...................................................
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Figure 3. Comparison between the spherical indentation of a hemispherical surface modelled using the membrane model
given in Pearce et al. [20] (dashed line), and both the approximate (ξ = 0, dot-dashed line) and full (ξ = 1, solid line)
shell models described above with β = 0.1. In all cases, ρ = 0.2 and the Mooney–Rivlin strain-energy function is used with
α = 0.1. Dotted lines show the position of the indenter and the undeformed surface.
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Figure 4. Profile of the deformed configuration for successive depths of indentation of a prolate spheroidal shell, γ = 2, by a
spherical indenter with ρ = 0.2 and the Mooney–Rivlin model with α = 0.1. Dashed lines show the position of the indenter
and the undeformed surface.
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Figure 5. Profile of the deformed configuration for successive depths of indentation of a spherical shell from the concave side,
γ = −1, by a spherical indenter with ρ = 0.2 and the Mooney–Rivlin model with α = 0.1. Dashed lines show the position
of the indenter and the undeformed surface.
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Figure 6. Changing the bending/stretching ratio β with the approximate theory, ξ = 0, has little impact on the force–
displacement curve. All three curves give a negative force for small indentation distance. (Online version in colour.)

indenter with ρ = 0.2, β = 0.01, a Mooney–Rivlin strain-energy function with α = 0.1 and the full
expansion ξ = 1.
The approximate theory, as defined ξ = 0 in (2.13), works until the reference configuration of
the shell becomes increasingly prolate spheroidal, at which point the neglected terms proportional
to Mκ become significant. At this point, as δ → 0 the two opposing terms in (2.11) both tend
towards zero, but with the transverse shear term being slightly larger. This leads to a negative
force F, even though the calculated shape looks appropriate, this can occur for spherical shells
(depending on the other parameters) including for the parameters considered in figure 3. Figure 6
shows how these force–displacement curves are continuous, but with a small initial region where
they go negative, where the curves go below the axis for δ < 0.2. Using smaller values of B
prevents this from happening for this set of parameters, but the issue reoccurs as γ increases
and the equations become increasingly numerically stiff as B is reduced.
Using the full theory, ξ = 1, prevents this counter-intuitive behaviour (figure 7), and allows the
calculation of a force–displacement curve which remains positive in the small indentation limit.
The neglected Mκ terms become particularly relevant in this application because of the abrupt
change in the curvature in the indenter region, where the shell is required to conform to the
indenter. This generates large bending moments without a corresponding large stretch, meaning
that the balance between the two terms in (2.11) is not masked by a large tensile stress resultant.
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Figure 7. Changing the bending/stretching ratio β with the full theory, ξ = 1, increases the force required to indent the shell
and removes the negative values of the force as seen for ξ = 0. (Online version in colour.)
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Figure 8. Effect of increasing the relative size of the indenter, ρ. (Online version in colour.)

We believe that this has not been noted in the previous literature on the indentation of curved
shells due to the fact that here we indent from the concave side rather than the convex side. We
note that it is possible that the negative forces occur due to the surface not remaining in contact
with the indenter throughout the contact region, but as it occurs in the limit of small δ (where Sc
also goes to zero) and from observing the resulting shapes, this does not seem to be the case here.
As the aspect ratio of the spheroid becomes increasingly large (above γ ≈ 2.5 for ρ = 0.2), the
negative force reappears for very small indentation; it is not clear what other modifications are
required to the theory to prevent this from happening here. Given that all shell theories involve
decisions on which terms can be neglected, we suggest there are some further neglected terms
which are becoming relevant.
In addition to the negative forces as discussed earlier, when using the approximate theory,
ξ = 0, varying the bending to stretching ratio β has only a marginal effect on the required force,
even for extremely large values of β, as shown in figure 6. However, when we use the full theory,
ξ = 1, changing β does have a significant effect on the force-indentation curve, as would be
expected and is seen in figure 7.
As may be intuitively expected, increasing the relative size of the indenter has a strong effect on
the total force required to achieve the same deformation, as may be seen in figure 8, but the shapes
of the curves are similar. Varying the size of the indenter allows for the collection of additional
data for fitting purposes, which may be particularly useful in fitting the strain-energy function in
the large-strain region.
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Figure 9. Effect of changing the undeformed shape of the shell, R(S) = sin S, Z(S) = −γ cos S. (Online version in colour.)
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Figure 10. Effect of changing the strain-energy function, varying the parameters α and Jm in the Mooney–Rivlin and Gent
constitutive laws. At small strains, both strain-energy functions give the linear elasticity response, but they diverge as the strains
get larger. (Online version in colour.)

Varying the reference shape of the shell by making it more prolate increases the initial
steepness of the force–displacement curve, but this increase is not uniform across the depth of
indentation for highly curved shells (figure 9). For these prolate spheroid cases with γ > 2 here,
further indentation does not require as much stretching as they are already highly curved, and
therefore the force–displacement curve has a different shape.
The choice of strain-energy function makes a significant difference only as the strains become
moderate (δ > 0.3), but does have a notable effect there (figure 10). We note that the neoHookean strain-energy function (α = 0) has an unphysical limit at large strain, where increasing
displacement does not require any increase in the applied force, as found in the membrane case
[20]. The Gent strain-energy function shows stiffening when the limiting parameter Jm becomes
small, as expected. We emphasize that the theory presented here can be used for any isotropic
incompressible strain-energy function.
Finally, we show a preliminary fitting to a set of experimental data measured from a Lepidium
endosperm, similar to the curve shown in figure 1. In the indentation shown in figure 1, the
indenter is large enough to touch the side of the curved endosperm before it reaches the end,
and the theory presented here needs modifying to accommodate that. We therefore fit to a curve
from a smaller needle with a diameter of 0.2 mm, and so we use ρ = 1/3, γ = 2.5, B = 0.01 to
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Figure 11. Example of fitting to experimental data, generated in a set-up similar to that in figure 1 but using a smaller indenter.
The dashed curve is from the model presented here, with a spherical indenter, a Mooney–Rivlin strain-energy function with
α = 0.1, ρ = 1/3, γ = 2.5, B = 0.01, and then fitted to the experimental curve with μ̂Ĥ = 52 MPa µm. (Online version
in colour.)

generate the non-dimensional load-indentation curve . As shown in figure 11, the experimental
data are somewhat noisy at low force values and it is not entirely clear where the origin should
be located, but a reasonable fit is achieved for μ̂Ĥ = 52 µm MPa. For an estimated endosperm
thickness of 5 µm, this gives a shear modulus of around 1 MPa, a reasonable value for this kind
of soft plant tissue.

5. Conclusion
We have developed a mathematical framework for the finite indentation of curved elastic shells,
with the goal of characterizing the shape-independent elastic properties from biological samples.
The addition of the bending stiffness regularizes the membrane equations, and allows curved
surfaces to be considered. This may be used to compare between different-shaped surfaces and is
of particular use in a biological context, where the surface shape may vary between samples, or
between regions of the same structure. In the specific case of the Lepidium endosperm, we will be
able to extract the elastic properties of the different-shaped sections covering the different parts of
the seed, and see if the elastic modulus of the micropylar endosperm (the section that covers the
root) becomes more pliant during germination. Growing tissues, in particular, are an application
where being able to disentangle the shape from the elastic properties is important. Mathematical
simulations of biological tissues often require knowledge of these elastic properties, so having
an additional technique to measure them is useful in increasing the accuracy of such studies.
Within the theory as presented above, the only unknown parameters are the shear modulus,
μ̂, the bending modulus, B̂ (which may be connected by (2.19)), and the form of the strainenergy function, W, including any constants within. It is therefore appropriate first to extract
the shear modulus from the beginning of the curve, followed by the strain-energy function from
large-strain data.
One important finding is that when the shell becomes significantly curved, the approximate
theory (ξ = 0) which lacks the Mκ terms breaks down, predicting a negative force for small
indentation, and the full theory (ξ = 1) must be used. This effect is not dependent upon the choice
of constitutive law, and comes from the neglecting the contribution of the bending of the shell
reference surface. We therefore recommend caution when using the approximate equations for
curved shells, although they are commonly used. As the spheroid becomes increasingly prolate
(γ > 3), these negative force terms reappear even when using the full theory ξ = 1; it is not clear
why this is occurring in this case.
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The basis of this model could be extended in a number of directions. The indentation of shells
from the convex side could be further considered, particularly in combination with an internal
pressure P; this would change the pre-indentation shape of the shell (and hence change the
boundary condition at λθ (L)), but the governing equations are otherwise unchanged. Combined
these two extensions allow for the modelling of the indentation of shells with an internal pressure,
such as inflated balls, balloons or biological tissues. Other extensions to a non-uniform thickness,
different initial configurations and boundary conditions (such as complete shells) or a bending
energy that depends upon further invariants of  are also possible.
The theory here restricts the shell to remain entirely in contact with the indenter at all times,
this may not be the case if buckling occurs due to compressive stresses. The initial assumption
of axisymmetry would not be valid in this case, and a post-buckling analysis would be required
to look for other solutions. This situation is most likely in the convex indentation, where higher
compressive stresses appear [15]. Similarly, for indenters which are flatter than the shell, they may
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model will need to be adjusted to account for this.
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indentation, and hence the framework described here may also be useful for extending the
blister-test analysis to non-flat surfaces.
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